Chirality is, generally speaking, the property of an object that can be classified as left-or right-handed. Though it plays an important role in many branches of science, chirality is encountered less often in continuum mechanics, so most classical material models do not account for it. In the context of elasticity, for example, classical elasticity is not chiral, leading different authors to use Cosserat elasticity to allow modelling of chiral behaviour.
Introduction
The term "chirality" was introduced by Lord Kelvin (1904, p. 619) , who gave the following definition:
I call any geometrical figure, or group of points, chiral, and say that it has chirality if its image in a plane mirror, ideally realized, cannot be brought to coincide with itself. Two equal and similar right hands are homochirally similar. Equal and similar right and left hands are heterochirally similar [. . . ] Any chiral object and its image in a plane mirror are heterochirally similar.
Chirality is a concept encountered in different branches of mathematics and physics, in biology and most of all in chemistry, where it is the subject of the journals Chirality and Tetrahedron: Asymmetry. A detailed description of molecular chirality is given by Mislow (1999) , while Cintas (2007) provides a history of both the concept of chirality and the term itself, again focusing on chemistry.
In continuum mechanics, a chiral material (also known as non-centrosymmetric, acentric, or hemitropic) is a material whose behaviour is not invariant with respect to inversion (that is, to change of sign of all coordinates). For an overview of chirality in mechanics, see for example Lakes (2001) and Natroshvili and Stratis (2006) and the references contained therein. It should however be noted that chirality is often ignored in mechanics, since many materials do not exhibit it and, conversely, many common material models, including the classical theory of linear elasticity, cannot describe it (see however the discussion of Fraldi and Cowin (2002) concerning chiral anisotropic linear elasticity).
It is therefore common to use Cosserat (or micropolar) elasticity (Cosserat and Cosserat, 1909; Eringen, 1966) to introduce chirality in the context of elasticity (see Lakes and Benedict, 1982; Lakes, 2001; Natroshvili and Stratis, 2006 , and references therein). In isotropic linear Cosserat elasticity, chirality introduces three additional parameters for a total of nine material parameters. The importance of such models is that they can reproduce microstructural effects due to the chirality of the microstructure, mainly in engineered or biological materials.
Gradient elasticity (Toupin, 1962; Mindlin, 1964; Mindlin and Eshel, 1968) can also describe chiral behaviour, yet this aspect has seen much less interest than chiral Cosserat elasticity. Toupin (1962) introduces a rank-five rotary tensor related to wave polarisation, a result later used in other works discussing acoustic activity. Maranganti and Sharma (2007) also consider non-centrosymmetric gradient-elasticity and its rela-2 tion to a fifth-order tensor in the context of wave propagation. A different kind of chirality, related to a sixth-order tensor, is given by Auffray et al. (2009) for bi-dimensional anisotropic gradient elasticity. There has been however no general presentation of the concept of chirality in three-dimensional gradient elasticity and its effects for the static, mechanical behaviour. This paper presents the case of isotropic linear gradient elasticity, showing how chirality is present in its general formulation unless, as done by Mindlin (1964) , centrosymmetric behaviour is explicitly imposed. An important property of the resulting model is that chiral behaviour is controlled by a single material parameter, in contrast to the three additional material parameters required in Cosserat elasticity. This material parameter can be either positive or negative, but its absolute value is bounded by the requirement for positive definiteness of the potential energy density.
A second interesting property of the model is that the chiral behaviour is related to the gradient of the rotation and is therefore directly linked to the presence of torsion.
This makes it necessary to consider problems of three-dimensional deformation. Two such problems, the torsion of a hollow cylinder and the mode III crack, are presented in this paper.
Recently, gradient elasticity has been proposed to model the behaviour of carbon nanotubes (Zhang et al., 2004; Wang and Hu, 2005; Wang and Wang, 2007) 1 . Due to their structure, carbon nanotubes may also exhibit geometrical chirality, which affects their mechanical behaviour (see e.g. Duan et al., 2007; Zhang et al., 2010) . It is therefore conceivable that the chirality of the gradient-elastic model, which is presented in this paper, can be related to the geometric chirality of the nanotube and its effect on the mechanical behaviour.
The structure of the paper is as follows: the necessary concepts concerning isotropic tensors and pseudo-tensors are presented in section 2. Section 3 presents the main concepts of linear gradient elasticity used in this paper, as well as the restriction to the isotropic case. In comparison to the usual, centrosymmetric case, an additional mate-1 It should be noted that these references use the term "non-local elasticity", however the actual models used are strain gradient models.
3 rial parameter is introduced, that is shown in section 4 to introduce chiral behaviour.
Section 5 gives the stress-strain relations in tensor form but also in matrix form, the latter providing a clearer picture of the way the stress-strain relation is modified by the introduction of chirality. As a simple example, section 6 shows the chiral behaviour of a cylinder under torsion, giving both an analytical and a numerical solution. A second example, the mode III crack, is also solved numerically. Finally, section 7 presents the main conclusions.
Isotropic tensors
This section presents briefly the properties of isotropic tensors and pseudo-tensors that will be used in this paper. A more detailed description of the relevant theory can be found in books on tensor algebra (e.g. Borisenko and Tarapov, 1979; Temple, 2004) . To avoid confusion, a clear distinction is made in this paper between tensors and pseudotensors by using the term "tensor" only with its usual meaning (i.e. what is sometimes called a polar tensor) while never using it to refer to pseudo-tensors. Indicial notation is used, with indices i, j, . . . , p, q ranging from 1 to 3 and repeated indices indicating summation. Only Cartesian (pseudo-) tensors are considered, so no distinction is made between covariant and contravariant components.
An isotropic tensor is a tensor that is invariant under rotation. All rank-zero tensors (i.e. scalars) are isotropic, while there are no isotropic rank-one tensors (i.e. vectors).
Similarly, isotropic pseudo-tensors are invariant under rotation, all pseudo-scalars are isotropic but there are no isotropic pseudo-vectors.
The only isotropic rank-two tensor is the Kronecker delta δ i j (and its multiples).
The product of two isotropic tensors is also an isotropic tensor; indeed there are only three linearly independent isotropic tensors of rank four, which can be written as products of two Kronecker deltas. The generic form of an isotropic rank-four tensor is therefore
Similarly, there are fifteen linearly independent rank-six tensors, which can be written as products of three Kronecker deltas, so the generic form of an isotropic rank-six 4 tensor is
The only isotropic rank-three pseudo-tensor is the permutation pseudo-tensor e i jk (and its multiples). Since e i jk is an isotropic pseudo-tensor, then its product with the isotropic tensor δ lm is also an isotropic pseudo-tensor. Ten such outer products can be formed, since permutation of the indices of e i jk at most changes the sign while permutation of the indices of δ lm does not change anything. These can be written as {e i jk δ lm , e ilk δ jm , e imk δ jl , e jlk δ im , e jmk δ il , e lmk δ i j , e i jl δ mk , e i jm δ lk , e ilm δ jk , e jlm δ ik } (3) Boyle and Matthews (1971) show that any group of four products in equation (3) where the δ have a common index (e.g. the last four products all have k as index of δ) can be written as a linear combination of the remaining six products. There are therefore only six linearly independent products in (3), so that the generic form of the isotropic rank-five pseudo-tensor can be written as f i jklm = f 1 e i jk δ lm + f 2 e ilk δ jm + f 3 e imk δ jl + f 4 e jlk δ im + f 5 e jmk δ il + f 6 e lmk δ i j
where f 1 , . . . , f 6 are arbitrary coefficients. Note that if all the coefficients f 1 , . . . , f 6 in equation (4) are pseudo-scalars instead of scalars, then f i jklm is an isotropic rank-five tensor.
Gradient elasticity

Linear gradient elasticity
A detailed description of gradient elasticity and the derivation of its equations is given by Mindlin (1964) and Mindlin and Eshel (1968) . This section therefore only presents the basic points needed in the present paper, for the static, small strain case in Cartesian coordinates. Three different forms of gradient elasticity are usually formulated which are equivalent, so it is generally only necessary to consider one of them.
Both form II and form III will be used here, however, to better emphasise some aspects of the introduction of chiral behaviour.
Consider a body subject to a displacement field u i . In form II of gradient elasticity the kinematic quantities are the strain i j and the strain gradientκ i jk defined as
The potential energy density function is in this casê
and its variation introduces the stresses τ i j = ∂Ŵ/∂ i j and double stressesμ i jk = ∂Ŵ/∂κ i jk which are energy conjugate to the strains and strain gradients respectively.
For form III, the kinematic quantities are the strain i j , the gradient of the rotation κ i j and the fully symmetric part of the second gradient of the displacementκ i jk , defined
The potential energy density function is expressed as
and its variation introduces the static quantities τ i j ,μ i j andμ i jk , energy conjugate to i j ,
In linear gradient elasticity,Ŵ andW are given by the general formŝ 
Isotropic linear gradient elasticity
To obtain a form II isotropic linear gradient elasticity, theĉ i jkl ,f i jklm andâ i jklmn tensors must all be isotropic. Using the general forms of isotropic tensors (1) and (2) and taking into account the symmetries of i j andκ i jk we obtain c i jkl i j kl = λ ii j j + 2µ i j i j (11) a i jklmnκi jkκlmn = 2 â 1κiikκk j j +â 2κkiiκk j j +â 3κiikκ j jk +â 4κi jkκi jk +â 5κi jkκ jik
Consideringf i jklm as an isotropic rank-five tensor, as discussed in section 2, and taking again into account the symmetries of i j andκ i jk we obtain f i jklmκi jk lm = f 1 e i jk δ lm + f 2 e ilk δ jm + f 3 e imk δ jl + f 4 e jlk δ im + f 5 e jmk δ il + f 6 e lmk δ i j κ i jk lm
where we have setf = −( f 2 + f 3 )/2. Since f 1 , . . . , f 6 are arbitrary pseudo-scalar coefficients,f is also a pseudo-scalar, whose meaning will be considered later.
7 The potential energy density is then rewritten aŝ W = 1 2 λ ii j j + µ i j i j +â 1κiikκk j j +â 2κkiiκk j j +â 3κiikκ j jk +â 4κi jkκi jk +â 5κi jkκ jik + 2f e iklκi jk jl
Similar calculations for form III, taking into account that i j is symmetric,κ i j is traceless (κ ii = 0) andκ i jk is fully symmetric, give the value ofW for the isotropic casē
where the termb is derived from the termb i jkl in equation (10), by computations similar to those in equation (13) that derivef fromf i jklm .
In equations (14) and (15), the last term is an additional one which does not appear in the usual, non-chiral formulation. This term introduces one additional material parameter which, as will be seen in section 4, introduces chirality in the material behaviour. Comparing the last terms in equations (14) and (15) 
where
Substituting into equation (15) yields 
8 This equation yields the necessary and sufficient conditions for positive definiteness of W. Besides the seven conditions given by Mindlin and Eshel (1968) 
the second, third and eighth terms of (19) yield the additional condition
or, for form II,
3.3. Comparison with the "gradient elasticity with surface energy" model Based on early work by Casal (1961) , Vardoulakis et al. (1996) proposed a model of anisotropic linear gradient elasticity with surface energy. In its most general form, this model is a linear gradient elasticity where, using a form II formulation,f i jklm 0 andf i jklm =f ilm jk .
Both the model introduced in this paper and the surface-energy model are linear gradient elastic models whose potential energy density function includes products of first and second derivatives of the displacements (in form II this meansf i jklm 0).
The two models, however, are clearly not related: the model introduced in this paper is isotropic, does not have surface energy and (as will be shown in section 4) exhibits chiral behaviour.
Considering the term of the potential energy density in equation (9) that depends onf i jklm , we calculatê
9
The potential energy in a volume V bounded by a surface S with unit normal vector n i is then given, using the divergence theorem, bŷ
Equation (24) shows that, assumingf i jklm is non-zero and spatially constant, the symmetryf i jklm =f ilm jk is enough to ensure thatf i jklm only contributes to the surface energy of the material. From equation (13) the form off i jklm for the present model can be written, imposing the necessary symmetries in { j, k} and {l, m}, aŝ
2f (e ilk δ jm + e imk δ jl + e il j δ km + e im j δ kl ) (25) sof i jklm f ilm jk therefore this model does not have surface energy in the sense explained in this section.
Chiral behaviour
Discussing the more general theory of elasticity with microstructure, Mindlin (1964) mentions that for centrosymmetric, isotropic materials the material parameters that are odd-rank tensors must be zero, and then implicitly uses the same result for gradient elasticity. It is common however, in the literature, to omit the reference to centrosymmetry when discussing the reduction from the linear to the isotropic case.
To obtain the form III expressions for a centrosymmetric isotropic material, however, isotropic odd-rank material parameter pseudo-tensors are indeed used. This leads to the presence of thef parameter in equation (15), which is derived fromf i jklm (whilē g i jklm vanishes anyway). The contribution of the even-rank tensorb i jkl , on the other hand, must be zero. This fact is however easily explained by considering the physical requirements forW.
The value of the potential energy densityW should not depend on the choice of either a right-handed or left-handed coordinate system, therefore it must be a scalar and not a pseudo-scalar. The same requirement then applies to the terms in the sum defining W , which must be themselves scalars. This does not mean that pseudo-tensorial quantities cannot appear in the expression ofW, indeed in form III the kinematic quantitȳ κ i j is itself a pseudo-tensor. Pseudo-tensors must however be combined in such ways so as to makeW a scalar. For the linear case, this means that in equation (10) As a pseudo-scalar,b is a material parameter that discriminates between "righthand" and "left-hand" deformations. Therefore, the presence ofb (or, alternatively,f for mode II) introduces chirality in the behaviour of an isotropic linear gradient elastic material. It is thus seen that chirality is introduced not by the presence of deformationtype pseudo-tensors in the expression for the potential energy density, but by the presence of material parameters that are pseudo-tensors.
As clearly seen in the form III expression (15), chirality contributes to the potential energy densityW only if the rotation gradientκ i j is non-zero. Chirality in isotropic linear gradient elasticity is therefore only present in three-dimensional strain conditions, in which case the material can be seen as discriminating between right-hand and left-hand torsion. This can be easily seen in the examples presented in section 6.
Stress-strain relations, equilibrium equation and numerical implementation
Stress-strain relations and equilibrium equation
Considering the case of form II isotropic linear gradient elasticity, the stresses and double-stresses are easily derived from equation (14) as
where the terms containingf are those related to the chiral behaviour. These additional terms introduce dependence of the stresses on the strain gradients and of the double 11 stresses on the strains.
The equilibrium equation in terms of stresses and double stresses does not depend on the constitutive model used and is therefore the same as given by Mindlin (1964) ,
where F k are body forces. Substituting the stress-strain equations (26) and (27) into equation (28) and using the definitions (5) yields the equilibrium equation in terms of
+f e pqk u q,pss + F k = 0 (29) where the lengths l 1 and l 2 are given by
Considering for simplicity Cartesian coordinates, we note that for plane strain conditions (u z = 0, ∂/∂z = 0) the equilibrium equation (29) 
Numerical implementation
In the finite-element method it is useful to express the stress-strain relation in a matrix form. In gradient elasticity this is efficiently done by introducing a "generic stress" vectorτ that includes both stresses and double-stresses and a "generic strain"
vectorˇ that includes both strains and strain gradients defined so thať
The ordering of the components inˇ andτ can be selected arbitrarily, as long as it is the same in both vectors. A convenient, though at first sight counterintuitive, form of these vectors iš 
The stress-strain relation can be written in the simple matrix form
For the specific form ofˇ andτ given in equations (33) and (34), the matrix D has the block-diagonal form
13 where the matrices D (1) and D (2) are given by
Besides allowing for simpler finite-element computations, the form of the D matrix presented here also provides a clear representation of which components of the static quantities are related to which components of the kinematic quantities and how these relations are affected by the introduction of chiral behaviour.
Note that many different formulations have been proposed in the literature for the numerical solution of gradient elasticity problems (though in most cases only twodimensional problems are considered). In the case of C 1 finite elements ) and C 1 natural elements (Fischer et al., 2010) chirality is easily introduced by using directly the constitutive matrix D presented here. The same applies to mixed elements with Lagrange multipliers (Matsushima et al., 2002) , where equation (36) gives a submatrix of the total constitutive matrix.
In other cases, however, such as when using penalty methods (Zervos, 2008) , implicit gradient models (Askes and Gutiérrez, 2006) or the boundary element method (Tsepoura et al., 2003) , additional calculations must be carried out to properly introduce the chiral behaviour. 
Example problems
This section presents two simple examples showing the effect of chirality in the mechanical behaviour of an isotropic linear gradient elastic material.
6.1. Torsion of a hollow cylinder 6.1.1. Problem description and analytical solution Consider a cylinder of height H internal radius r a and external radius r b (see figure 1) . The cylinder is subjected to torsion by two rigid plates: the lower one is kept fixed (u θ = u z = 0 for z = 0) while the upper one is rotated by an angle ϕ around the z axis (u θ = ϕr, u z = 0 for z = H). To further simplify the solution, the additional boundary condition ∂u r /∂z = 0 is applied at both z = 0 and z = H (while the displacement u r is unconstrained).
The analytical solution, presented in detail in Appendix A, gives the following expressions for the displacement field
cides with the solution of classical elasticity. Iff 0, however, then u r 0, therefore torsion produces radial deformation. Moreover, the sign of u r depends on the sign of the productf ϕ. Iff ϕ > 0, i.e. ϕ has the same sign asf , then torsion produces dilation in the radial direction, otherwise it produces contraction. The material therefore exhibits chirality, since the presence of thef material parameter discriminates between the two directions of torsion.
As an indication of the relative magnitude of the radial and tangential displacement, we consider here the ratio of the maximum radial displacement (occurring on the exterior surface of the cylinder) over the maximum tangential displacement (occurring on the top exterior edge). From equations (39) and (22) 
In the usually employed case whereâ 1 =â 3 =â 5 = 0 and l 1 = l 2 = l, the above relation
where ν is Poisson's ratio. Since l is considered to be a length related to microstructure that is quite smaller than the size of the specimen (given here by the height H), the above relation shows that u max r will be also quite smaller than u max θ .
Numerical solution
The problem presented in section 6.1.1 is solved here using the finite-element method. We use a three-dimensional C 1 formulation with tri-cubic Hermite hexahedra , which has been shown to provide sufficient accuracy even when using a small number of elements. As mentioned in section 5, chirality is conveniently introduced in this formulation just by adding in D the terms including thê f parameter, without the need for any additional calculation.
The material parameters used are λ = 7000, µ = 3000, l 1 = l 2 = 0.001, a 1 = a 3 = a 5 = 0, a 2 = λl Following usual finite element practice, the displacements in figures 2 and 3 have been exaggerated. Note however that the scaling has been carried out in cylindrical coordinates (while the computations are obviously done in Cartesian coordinates), since scaling in Cartesian coordinates would introduce a non-physical change of the radii of the upper face. The use of scaling in cylindrical coordinates also allows for different scaling factors in the radial and tangential directions (6000 times and 100 times respectively in these examples) to make evident the change in radius due to chirality.
Mode III crack
The mode III crack in (non-chiral) linear gradient elasticity has been considered by different authors (e.g. Vardoulakis et al., 1996; Zhang et al., 1998; Georgiadis, 2003) .
Detailed numerical results are presented by .
Consider the body given in figure 4 , with a zero-width crack subjected to mode III deformation. To allow for simpler computations, the body is considered to be infinitely long in the z direction, so that all fields depend only on x and y. The problem is solved numerically using a single layer of tri-cubic Hermite hexahedra, with the appropriate degrees of freedom set to zero to make the solution independent of z. The material parameters are the same as in the previous example, while a = 0.01 and the applied load is τ = ±3. Taking advantage of the symmetries and antisymmetries of the problem and imposing the appropriate boundary conditions, only the upper half of the body is discretised, using a non-uniform structured mesh of 200 elements, as shown in figure 5.
While in the classical and in the non-chiral gradient case the only non-zero displacement component is u z (x, y), the numerical results show that in the chiral case u x (x, y) and u y (x, y) are also non-zero. Indicatively, figure 6 shows the displacement in the y direction of the upper face of the crack (normalised by the u z displacement of the edge of the crack).
The mechanical response is chiral since reversing the load, and therefore the direction of torsion, changes the sign of the displacement u y (which would be zero in the non-chiral case).
Note that the displacement u y of the lower face of the crack (which is not discretised in this example) is equal and opposite to that of the upper face. As shown in figure 6, however, for both load directions one part of the upper face will have u y < 0, with the respective part of the lower face having u y > 0. The actual solution of the problem is therefore more complex, as it involves contact between the crack faces. This has actually been found to be the case also for different other mode III crack geometries.
Conclusions
While it is usual to consider only the centrosymmetric behaviour of gradient elastic solids, the theory of gradient elasticity is able to describe chiral behaviour even in the isotropic linear case. This paper shows how for isotropic materials this behaviour is represented by the introduction of a single additional material parameter, in contrast to the usually employed isotropic linear Cosserat elasticity which introduces three different additional parameters related to chirality.
Positive definiteness of the potential energy density imposes a bound on the absolute value of the additional parameter, which however can be either negative or positive.
Indeed, it is shown that this parameter is a pseudo-scalar, and therefore its sign is actually dependent on the handedness of the coordinate system, without however affecting the overall material behaviour which remains independent of the coordinate system, and thus objective. As the chiral effect depends on the gradient of rotation, the sign of the additional parameter relative to the handedness of the coordinate system discriminates between left-handed and right-handed torsion. This is clearly shown using two example problems.
The applicability of the model presented in this paper to specific materials, for example carbon nanotubes as mentioned in the introduction or other materials exhibiting chirality, is a hypothesis which requires extensive experimental verification, as is 20 always the case in continuum modelling. Another important issue is linking the continuum chiral behaviour to specific properties of the discrete material microstructure. As this is actually a part of a much more general open problem, that concerns the whole of the gradient elastic behaviour and not only its chiral part, extensive additional research is needed in this direction.
where I 1 and K 1 are the modified Bessel functions of the first and second kind respectively and of order one. Requiring that the tractions and double tractions on the internal and external faces of the hollow cylinder are all zero yields after extensive calculations
so that finally the solution of the problem is u r =f ϕr 2(λ + µ)H ,
The non-zero tractions and double tractions on the top face arê
The non-zero edge tractions on the top exterior edge arê The tractionsP θ andÊ θ are actually reactions to the imposed tangential displacement, whileP z andÊ z are reactions to the imposed zero displacement in the z direction.
Since forf 0 the double tractionR r is not zero, it is necessary to impose the additional boundary condition ∂u r /∂z = 0 on the top and bottom faces in order to obtain the solution (A.8).
